There is a need to understand the space-dependent kinetics of fast or thermal reactor physics and the Monte Carlo method should be implemented in kinetics codes as well. In a transient accident (for example, control rod ejection accident or loss of coolant accident), changes in the system are much slower than the prompt neutron lifetime. In the present paper, a method is proposed in which the Monte Carlo method is used to solve the neutron kinetics of reactors, such as the case of a subcritical static reactor with an external neutron source. In the proposed method the time derivative of the neutron equation is set to zero, though the time derivative of the delayed neutron precursor equation is treated without any approximation in the time differentiation of delayed neutron precursor equation. Most kinetics calculation methods originate from the point kinetics method, and they require calculation of excess reactivity at each time step, but the present method does not need calculation of excess reactivity. The neutron counts measured with small fission chambers in the subcritical kinetics experiment using the JAEA fast critical assembly are compared with counts calculated by the proposed method and compared with the measured values. The agreement is good, and the excellent performance of the method for space-dependent neutron kinetics is shown.
I. Introduction
In the early history of nuclear reactor theory, the time variation of a neutron population was treated as a whole and its space dependency was not considered. This approach is called the point kinetics method. With the deployment of large power reactors, however, the requirement of spacedependent information has increased and the point kinetics method has been modified to allow evaluation of the space dependency of a neutron population. Many modifications have been investigated, [1] [2] [3] [4] but the need for more detailed information about local responses such as the detector response of transient behavior continues to grow. Recently, much development work has been done for an acceleratordriven subcritical system. The space profile of neutron flux in the subcritical assembly is strongly influenced by both the neutron multiplication factor and external neutron source. The kinetics of a subcritical system with an external neutron source has opened a new area in neutron kinetics study. 5) The Monte Carlo method is a powerful method for estimating local values and widely used in nuclear engineering. However, the random walk calculation is difficult in a system where macroscopic cross sections change with time, and development of the time-dependent Monte Carlo method has progressed more slowly than time-dependent deterministic transport calculation methods.
In the present paper, a method to solve the neutron kinetics (for example, a subcritical static reactor) employing the Monte Carlo method is proposed. An approximation is introduced such that the time derivative of neutron equation is set to zero, though the time derivative of the delayed the neutron precursor equation is treated.
We previously carried out an analytical study on time derivative terms using the point kinetics method. 6 ) Recently, we have carried out a kinetics experiment using the Fast Critical Assembly (FCA) of the Japan Atomic Energy Agency (JAEA; formerly JAERI) and we measured detector responses and compared them with the calculated values obtained by our newly developed Monte Carlo code.
The principle and algorithm of the proposed method are given in Secs. II and III, respectively. The details of the experiment are shown in Sec. IV. The analysis of this experiment using the newly developed computer code is given in Sec. V and comparison between calculated and measured results is given in Sec. VI.
II. Principle of Monte Carlo Kinetics Equation 1. Application of Monte Carlo Method to Space-Dependent Kinetics Problems
Most reactor cores have complicated structures. It is difficult to simulate these spatial structures in the reactor analysis by using a deterministic neutron transport analysis method. On the other hand, a Monte Carlo method can treat such complicated structures more easily than the deterministic method and it has been widely used in reactor analyses recently. Therefore, in the present paper we use the Monte Carlo method for reactor kinetics analysis. However, the neutron random walk is treated in the steady state in conventional Monte Carlo codes. The difficulty of application of Monte Carlo codes to kinetics problems is shown below.
Difficulty of Neutron Random Walk in Changing Medium
We consider a neutron that collides with a nucleus after passing through a distance of x freely; the probability distribution function f ðxÞ of x can be written by Eq. (1):
where ' t is the macroscopic total cross section. The cumulative distribution function is derived from this equation as Eq. (2).
FðxÞ
Then in the Monte Carlo calculation, 7) we can choose x with the proper probability distribution function in the following way. At first we choose a random number $ where 0 $ 1, and substitute it for FðxÞ in Eq. (2). Then we can obtain x by solving this equation as
In the derivation of Eq. (3), an important point is that ' t is not a function of time but a constant. If ' t is time-dependent, FðxÞ becomes a complicated function of x and generally x cannot be written in a simple equation of $ like Eq. (3). Expected reactor malfunctions and accidents can be described by time constants having units of milliseconds or seconds; the prompt neutron lifetime is typically 10 À6 s for assemblies in which fission is caused by fast neutrons. Therefore, almost all random walks in a fast subcritical system will stop within 1 ms. The neutron random walk during its lifetime in this system can be treated with the assumption that the macroscopic cross sections are not changed in this period, and a conventional Monte Carlo code developed for the steady state can be used for the analysis.
Neutron Static Approximation
The half-lives of delayed neutron precursors are 0.1-55 s, which are comparable to the time constants of the transient behavior caused by expected reactor malfunctions and accidents mentioned in Sec. II-2. Therefore, in many cases, random walks of delayed neutrons should be treated in a system different from that in which their precursors are born through fissions. The delayed neutron precursors should be treated time dependently in these cases.
In this paper, we call the approximation in which the neutron random walk is treated in a steady state and the time behavior of delayed neutron precursor is treated exactly as a neutron static approximation. It is the same approximation as the prompt jump approximation or zero lifetime approximation. 7) 4. Governing Equations of the Kinetics of Subcritical Assembly At the time t and position r, the flux È Èðr; ; E; tÞ of the neutron with the energy E and moving in the direction and the j-th delayed neutron precursor density C j C j ðr; tÞ satisfy the following balance equations.
where ' 'ðr; E; tÞ: macroscopic total cross section ' x ' x ðr; E; tÞ: macroscopic cross section of reaction x # p ' f # p ' f ðr; E; tÞ: macroscopic fission cross section times average number of prompt fission neutrons f x f x ðr; 0 ; E 0 ! ; E; tÞ: probability function of neutron transfer from 0 ; E 0 to ; E through reaction x j : number of delayed neutrons produced by precursor j per fission ¼ X j j 1 p 1 p ðEÞ: prompt fission neutron energy spectrum 1 j 1 j ðEÞ: delayed neutron energy spectrum for precursor j ! j : decay constant of delayed neutron precursor j Q Qðr; ; E; tÞ: external neutron source. Conventional reactor kinetics or dynamics eliminate space and energy dependences from Eqs. (4) and (5) by several methods like weighted integration of the equation or separation of flux into amplitude factor and shape factor; such treatments are called point kinetics. These methods cannot treat the transient of a detailed distribution of flux or power density. In the present paper, we try to solve these equations directly by using the Monte Carlo method.
We employ the neutron static approximation mentioned in the previous section to solve Eqs. (4) and (5) . Then the governing equations of our problem can be written as
Equation (6) can be solved by the static method for each time step, where all coefficients of the equation including the delayed neutron precursor densities are given. It is thus solved by the Monte Carlo method. On the other hand, Eq. (7) is solved as a time-dependent problem.
In the present study, we also investigate the system in which the time derivative of delayed neutron precursor density is assumed to be zero as
This treatment is widely used in subcritical kinetics studies. 5) We call this approximation as the precursor static approximation.
Investigation of Accuracies of Neutron and Precursor Static Approximations by Point Kinetics Equations
We previously examined the subcritical fast reactor system with a source. 6) We explain the approximation with reference to the previous paper. Point kinetics equations are derived from the sets of Eqs. (4) and (5) as
where all the notations are conventional. We note that the symbols 0 and 0 j are delayed neutron fractions and different from and j used in Sec. . N is the neutron number density. The superscript 0 means the scalar value that does not depend on either space or energy.
By introducing the neutron and precursor static approximations, these equations are changed to the following. For the neutron static approximation,
For the precursor static approximation,
The accuracies of these approximations have been studied by the following parameters.
Some results obtained previously 6) works are shown in Table 1 for a wide range of initial subcriticalities and inserted reactivities, where the reactivity is inserted within 0.15 s by withdrawing fuel rods from the core. Though the precursor static approximation shows considerable errors for small subcriticalities and large inserted reactivities, the neutron static approximation has very small errors over the whole subcritical region.
Change of Delayed Neutron Precursor Density
The change of delayed neutron precursor density is given by Eq. (7). In the actual calculation, the time variable is divided into time meshes, and the density is calculated along each successive mesh. The j-th precursor density C j ðr; t iþ1 Þ at the time t iþ1 is calculated by using C j ðr; t i Þ at the previous time mesh t i as
Here, we consider only the production by fission and radioactive decay of a precursor. However, other changes of the system such as movement of a fuel element also causes the change of C j ðr; tÞ. By denoting this change from the time t 0 to t as an operator Tðt 0 ! tÞ, Eq. (17) is rewritten as
This equation should be employed in the Monte Carlo code.
III. Monte Carlo Code
Algorithm
The neutron static approximation is implemented into the Monte Carlo code MVP, 8) which was developed in JAEA. The algorithm of this code is described here, focusing on the neutron random walk with neutron static approximation.
In the present paper, we treat fuel movement in the Monte Carlo analysis. The overall flow chart for the Monte Carlo analysis is shown in Fig. 1(a) . In block A, the change of the system is analyzed, and macroscopic cross sections are reevaluated. The movement of a delayed neutron precursor between time meshes i and i-1 is also calculated. In block B, the random walk of a neutron is analyzed at each fixed time mesh i.
Before starting the kinetics calculation, an initial state is calculated. The delayed neutron precursor data are transferred to the transient analysis as the delayed neutron source effective for the succeeding time. These data are modified by a system change in block A. The detailed procedure is shown in Fig. 1(b) . Adding this delayed neutron source and external source creates the total neutron source, which is used as the neutron source in the neutron random walk performed in block B. The neutron random walk procedure is performed at each time mesh point until the end of the system change. It is divided into 3 blocks, blocks C, D, and E, as shown in Fig. 1(c) . The delayed neutron precursors produced in each time mesh are added to the total delayed neutron precursor data, and the procedure goes to the next time mesh.
In the present Monte Carlo code the nonanalogue method is employed for neutron energies of more than 4.5 eV. For simplicity, the procedure for E < 4:5 eV is omitted in Fig. 1 . The neutron random walk procedure is divided into three subprocedures. In each subprocedure, neutron history starts from a different neutron source, as shown in Fig. 1(c) ; the external source plus the delayed neutron whose precursor is born in a previous time mesh, the fission neutron source produced in this time mesh, and the delayed neuron whose precursor is born in this time mesh. The details of each subprocedure are shown in Figs. 1(d)-1(f) . Here, the location of the delayed neutron precursor is selected from the stored collision location.
Delayed Neutron Data
The role of delayed neutrons becomes more important in kinetics than in statics. Each delayed neutron precursor is treated independently. In the present Monte Carlo code, the delayed neutrons are treated not by the conventional 6-group treatment, but by using the original delayed neutron precursor data shown in Table 2 . The data [9] [10] [11] [12] [13] in this table are for U-235 fission in a typical fast reactor spectrum, since the system treated in the present paper represents a fast reactor system assembled with highly enrich uranium. For simplicity, we make the approximation that all the precursors are produced directly from fission. The number of delayed neutrons produced by the precursor j per fission, j , is calculated by
where j is the cumulative yield of the precursor j, and p j is the probability of producing a delayed neutron of the precursor j.
The energy of each neutron from the delayed neutron precursor j is selected from the following delayed neutron energy spectrum:
where T j is a parameter that characterizes the spectrum and relates to the average energy " E E j of the neutron from the precursor j as
Necessary data are collected from the literature. [9] [10] [11] [12] [13] The total number of employed delayed neutron precursors in the present Monte Carlo calculation is 101, and these data are shown in Tables 2(a) and 2(b).
IV. Kinetics Experiment Using the FCA
The kinetics experiment is performed using the FCA in JAEA. 14) This core is simulated as an accelerator driven system core and it consists of enriched uranium (93%) and stainless steel. It is surrounded by a soft blanket containing poorly enriched uranium and a blanket containing depleted uranium. The whole system is assembled from drawers, whose size is 5:52 Â 5:52 Â 130 cm 3 . This core is 2:8 Â 2:8 Â 2:6 m 3 , where 2.6 m is the axial length in the horizontal direction. The core can be separated in the axial direction into two symmetric parts side by side for easy preparation of the experiment and easy maintenance. One part is fixed on the floor, and the other is movable. These parts are combined at the time of the experiment. The effective neutron multiplication factor for this core is 0:9998 AE 0:02%.
A neutron source of Cf-252 is placed at the core center in the fixed part; its intensity is 4:7 Â 10 8 neutrons/s. The configuration of the separation surface of the fixed part is shown in Fig. 2 . We use 4 detectors (M4, M5, M8, and P1) placed inside and outside this core. All the detectors are U-235 fission chambers, and each has a dead time of 1:7 Â 10 À6 s. The negative reactivity in this experiment is supplied by withdrawing 16 movable fuel assemblies, whose positions are shown in Fig. 2 as control assemblies. The neutron measurements are started prior to the insertion of the negative reactivity initiated by withdrawing all the control assemblies 
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at the same time. They are continued after the assemblies are fully withdrawn and until their count levels go down to a certain value. Inserted negative reactivity is about 5.6 $, and the time required for insertion is about 0.15 s. Within this time period, only one measurement can be made because of the instrumentation and data-handling system performance.
V. Monte Carlo Calculation
We analyze the kinetics experiment described in the previous section by using the developed Monte Carlo code with the modified MVP code.
8) The geometrical parameters are treated without any approximation except for the neutron source and detectors, which are treated as points. The energy spectrum of the Cf-252 neutron source is calculated using Watt's equation. 15) The time required for the movement of the control assemblies is about 0.15 s, and this interval is divided into 10 time meshes for the kinetics calculation. The time mesh interval of 0.015 s is considered fine enough in consideration of the decay constants of delayed neutron precursors. Each Monte Carlo calculation treats 5 Â 10 7 histories.
We set one detector, P1, in the core, and three detectors, M4, M5, and M8, on the boundary between the soft blanket and the blanket, as shown in Fig. 2 . The point estimator 8) is employed for these detectors. In order to reduce its statistical error, a noncollision region is set around each estimated point; this region is set as 5:52 Â 5:52 Â 5:52 cm 3 . These reactive rates are calculated by using the number of densities and the volumes of U-235 based on the specification of the detector.
The present calculation is done on the Altix3900 (SGI Co.) computer at the Center for Promotion of Computational Science and Engineering in JAEA. The required time for our calculation is from 60 to 1000 s per one time step Monte Carlo calculation.
VI. Comparison between Calculated and Measured Results

Initial Steady State
At the beginning the initial state is calculated, which is used as the initial condition of the present kinetics analysis as shown in Sec. II. The Monte Carlo method is also employed in this calculation, but it is performed in a steady state, where the governing equations are Eqs. (6) and (8) .
Since it is a subcritical system, the analogue Monte Carlo method is employed, where the neutron random walk starts from the external source. However, since subcriticality is very small for the present core, the random walk may not end in a reasonable calculation time. However, after the random walk is continued for a long enough time, flux ampli- tude decreases sufficiently and the relative flux distribution is considered to converge to its fundamental mode and its dumping factor (the ratio of the neutron flux amplitudes between successive neutron cycles) converges to a constant which is equal to the neutron multiplication factor of this system without a neutron source. The flux distribution for Table 2 Nuclear data of delayed neutron precursors for U-235 fast reactor fission [7] [8] [9] [10] [11] (a) Nuclear data of delayed neutron precursors (Br-Cs)
Nuclide j
Half-life (s) p j = the probability for producing delayed neutron of the precursor j j = the cumulative yield of the precursor j E j = the neutron energy from precursor j further generations can be estimated by using the previous distribution. In the present analysis, the neutron random walks are performed with enough histories for each neutron cycle from the first cycle. We preserve the end point of the random walk of each generation. The method is similar to the conventional critical system Monte Carlo method. The detector counts are estimated analytically by using the assumption of constant amplitude dumping factor after a certain number of random walk stages and by summing up all these contributions.
The calculated counts obtained at the steady state before the kinetics experiments are shown in Table 3 with the measured counts for comparison. Since the measurement time is long, the measured errors are very small. (about AE0:8%.) The calculated values are systematically lower than the measured values and statistical error of the former error is about AE2%. Both calculated and measured values (counts) agree within 6% or less. We attribute this to neglecting the contribution of the higher modes of neutron flux distribution in the calculation of the contribution of later random walk stages to the neutron counts. However, these discrepancies are small enough for the initial condition of the present neutron kinetics study, where the measurement is made at a transient state and the calculation is done with some approximations.
Transient State
The calculated and measured counts at the transient state are shown in Figs. 3(a)-3(d) for each detector, where the origin of the horizontal axis is the starting time for control assemblies to be removed and the starting and stop times of measurement are À0:1 and 0.2 s, respectively. The initial counts are also shown at the starting time, but the errors of these counts are not shown, since their values are too small; they are given instead in Table 3 . In these figures, the calculated results are shown for both neutron and precursor static approximations. The precursor static approximation gives much lower values than the neutron static approximation. The characteristic of accuracy decrease is consistent with the results shown in Sec. II-5. The horizontal error of the measured value is the gate time width for neutron counting.
The calculated values using the neutron static approximation agree well with the measured values except for detector P1 for which the calculated value is lower than the measured value. We attribute this to the treatment of the neutron source and detector in the calculation. For example, in the calculation, both the neutron source and the neutron detector are treated as points, but the actual source and detector have volumes and sizes that are comparable to the distance between the source and the detector. The solid angle of an incidence neutron to the detector increases for the point neutron source. Such approximations usually underestimate the count rate. This effect is smaller for the initial steady state, since the kinetics experiment core is near critical and the neutron spatial distribution becomes flatter.
VII. Conclusion
When we think about a transient accident from the viewpoint of the time interval, the nuclear system will change with a time constant that is much larger than the prompt neutron lifetime. In the present paper, a method to solve the neutron kinetics by using the Monte Carlo method employing a neutron static approximation was proposed, where the time derivative of the neutron equation was set to zero, though the time derivative of the delayed neutron precursor equation was treated.
Most kinetics calculation methods are derived from the point kinetics method, and they require calculation of excess reactivity at each time step. The present method does not need calculation of excess reactivity.
The neutron counts of several detectors were calculated using the proposed Monte Carlo method and compared with measured counts of a subcritical kinetics experiment using the JAEA fast critical assembly, and good agreement was obtained. The calculation was also done with the precursor static approximation, where the time derivative of the delayed neutron precursor equation was also set to zero, and the results were compared with the measured data. The discrepancies for this case were too large for practical usage. 
